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Abstract 

Our aim in this paper is to show an example of the formalism we 
have developed to avoid the label-tensor-product- vector-space-formalism 
of quantum mechanics when dealing with indistinguishable quanta. 
States in this new vector space, that we call the Q-space, refer only 
to occupation numbers and permutation operators act as the identity 
operator on them, reflecting in the formalism the unobservability of 
permutations, a goal of quasi-set theory. 
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1 Introduction 

In quantum mechanics (QM), the state space of a system of indistinguish- 
able quanta is constructed by means of the product of the individual spaces. 
The usual procedure is to first 'labeP the state space of each quanta, then 
making the tensor product and, finally, imposing a symmetrization postulate 
by hand. This procedure has been largely criticized in the literature (see [5] 
for a detailed study). To go further in this discussion, we have explicitly 
constructed (based on the quasi-set theory £1 -see below) a formalism within 
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which we can obtain the same results as in the standard formahsm of quan- 
tum mechanics without appeahng to artificial labelings [2], [3], [5]. In this 
paper we develop a paradigmatic application — namely, the evaluation of the 
correlations between the spin components in a two particles state — to ex- 
emplify its use. The paper is organized as follows. We first briefly review, 
in Section 2, quasi-set theory and its motivations. In Section 3 we outline 
the construction of the state space in the new formalism. In Section 4 we 
develop the example, and Section 5 contains the conclusions. 

2 The basic ideas of quasi-set theory 

We briefly review here the main ideas of quasi-set theory £2 following mainly 
[7]. Intuitively speaking, £1 is obtained by applying ZFU-like (Zermelo- 
Praenkel plus Urelemente) axioms to a basic domain composed of m-atoms 
(the new ingredients that stand for indistinguishable quanta, and to which 
the usual concept of identity does not apply), M-atoms and aggregates of 
them. The theory still admits a primitive concept of quasi-cardinal, which 
intuitively stands for the 'quantity' of objects in a collection. This is made so 
that certain quasi-sets x (in particular, those whose elements are q-objects) 
may have a quasi-cardinal, written qc{x), but not an associated ordinal. It 
is also possible to define a translation from the language of ZFU into the 
language of in such a way so that there is a 'copy' of ZFU in (the 
'classical' part of £2). In this copy, all the usual mathematical concepts 
can be defined (inclusive the concept of ordinal for the £}-scts, the copy of 
standard sets in 0), and the 0-sets turn out to be those quasi-sets whose 
transitive closure (this concept is like the usual one) does not contain m- 
atoms. 

In 0, 'pure' quasi-sets have only m-atoms as elements (although these 
elements may be not always indistinguishable from one another), and to 
them it is assumed that the usual notion of identity cannot be applied (the 
expressions x = y and its negation, x ^ y, are not well formed formulas 
if either x or y stand for m-atoms). Notwithstanding, there is a primitive 
relation = of indistinguishability having the properties of an equivalence 
relation, and a defined concept of extensional identity, not holding among m- 
atoms, which has the properties of standard identity of classical set theories. 
More precisely, we write x =e y (x and y are extensionally identical) iff they 
are both qsets having the same elements (that is, yz{z G re <-> z G y)) or they 
are both M-atoms and belong to the same qsets (that is, \/z{x ^ z ^ y ^ z)). 
From now on, we shall use the symbol "=" for the extensional equality. 
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except when explicitly mentioned. 

Since the elements of a quasi-set may have properties (and satisfy certain 
formulas), they can be regarded as indistinguishable without turning to be 
identical (that is, being the same object), that is, x = y does not entail 
X = y. Since the relation of equality (and the concept of identity) does 
not apply to m-atoms, they can also be thought of as entities devoid of 
individuality. For details about and about its historical motivations, 
see [5, Chap. 7]. 

One of the main features of Q is its ability to take into account in 

'set-theoretical terms' the non observability of permutations in quantum 
physics, which is one of the most basic facts regarding indistinguishable 
quanta. In standard set theories, if w € x, then of course (x — {w}) U 
{z} = X iS z = w. That is, we can 'exchange' (without modifying the 
original arrangement) two elements iff they are the same element, by force 
of the axiom of extensionality. But in £} there is a theorem guarantying the 
unobservability of permutations; in other words. 

Theorem 2.1 Let x be a finite quasi-set such that x does not contain all 
indistinguishable from, z, where z is an m-atom such that z & x. If w = z 
and w ^ X, then there exists w' such that (x — z') U w' = x 

Here z' and »/ stand for a quasi-set with quasi-cardinal 1 whose only element 
is indistinguishable (but not identical) from z and w respectively. 

3 The state space Vg 

In QM, the mathematical interpretation of a physical system is a complex 
separable Hilbert space Ti. Quantum systems of distinguishable many parti- 
cles are mathematically represented by the tensor products of their individ- 
ual Hilbert spaces [1], the so called 'labeled-tensor-product' of state spaces. 
To pick up physical states from the whole set allowed by the labeled product, 
a symmetrization postulate is added that restricts the states available for 
the particles by imposing that, if particles are indistinguishable, then they 
can only access symmetrized (with respect to particle interchange) states if 
they are bosons, or antisymmetrized states if they are fermions. This trick 
of first labeling and then restricting the available states allows to reproduce 
quantum statistics satisfactorily, without dropping particle indexation. But 
this procedure may be criticized, in particular for the necessity of first label- 
ing the state spaces of the indistinguishable quanta and later masking this 
labeling with the addition of a postulate. Sometimes it is argued that the 
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usual procedure to construct the set of possible states should be replaced 

by another one that does not index particles, for example the Fock-space 
formalism. However the formal construction of the Fock-space does use the 
standard set theoretical framework, which presupposes classical individual- 
ity on its foundations. This seems to be, thus, not a genuine solution [6]. To 
solve it, we have proposed an alternative procedure ( [2], [3]) that resembles 
that of the Fock-space formalism but based on 0, thus genuinely avoiding 
artificial labeling. 

Let us recall that the usual procedure in the Fock-space formalism is to 
define the fundamental (vacuum) state |0) as the eigenvector of the particle 
number operator Nk = a|.afe with eigenvalue, being a[. and the cre- 
ation and annihilation operators of particles of fc-type respectively, which 
satisfy commutation relations for bosons and anticommutation relations for 
fcrmions. The complete basis for H is obtained by successive application of 

to the vacuum state. All operators and wave functions may be written 
in terms of and [8]. 

We outline now the construction of the state space Vq that respects 
indistinguishability in all steps, mainly following [2]. We shall be working 
within £}. Let us consider a quasi-set e = {ej}jg/, where / is an arbitrary 
collection of indexes (this makes sense in the 'classical part' of £2). We 
take the elements to represent the eigenvalues of a physical magnitude of 
interest. Consider then the quasi-functions / (this concept generalizes that 
of function), / : e — > Tp, where JFp is the quasi-set formed of finite and 
pure quasi-sets. / is the quasi-set formed of ordered pairs (e^; x) with € e 
and X E Tp. Let us choice these quasi-functions in such a way that whenever 
{ei^\x) and {ei^,;y) belong to / and k ^ fc', then xDy = ^. Let us further 
assume that the sum of the quasi-cardinals of the quasi-sets which appear 
in the image of each of these quasi-functions is finite, and then, qc{x) = 
for every x in the image of /, except for a finite number of elements of 
e. Let us call the quasi-set formed of these quasi-functions. If (x; e,) is 
a pair of / G .7^, we will interpret that the energy level ej has occupation 
number qc{x). These quasi-functions will be represented by symbols such as 
fti^ti^...ti^ (or by the same symbol with permuted indexes). This indicates 
that the levels ei-^ei^ ■ ■ - ^im occupied. It will be taken as convention that 
if the symbol ej^. appears j-times, then the level Cj^. has occupation number 
j. The levels that do not appear have occupation number zero. 

It is important to point out that the order of the indexes in /e^^ej^ 
has no meaning at all because up to now, there is no need to define any 
particular order in e, the domain of the quasi-functions of !F. Nevertheless, 
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we may define an order in the following way. For each quasi-function / G 

let {^i^ei^ . . . €i^} be the quasi-set formed by the elements of e such that 
{eii,,X) € / and qc{X) ^ (k = l...m). We call supp{f) this quasi-set 
(the support of /). Then consider the pair (o, /), where o is a bijective quasi- 
function o : {ej^ejj ■ ■ - ^im} — ^ {1)2,..., m}. Each of these quasi-functions o 
define an order on supp{f). For each f G ii qc{supp{f)) = m, then, there 
are ml orderings. Then, let OJ- be the quasi-set formed by all the pairs 
(o, /), where j ^ T and o is a a particular ordering in supp{f). Thus, OJ^ 
is the quasi-set formed by all the quasi-functions of !F with ordered support. 
For this reason, fei^ei^...ei„ £ refers to a quasifunction f ^ T and a 
special ordering of {ei^ei^ . . . ej^}. For the sake of simplicity, we will use the 
same notation as before. But now the order of the indexes is meaningful. 
It is also important to remark, that the order on the indexes must not be 
understood as a labeling of particles, for it easy to check, as above, that the 
permutation of particles does not give place to a new element of OT . This 
is so because a permutation of particles operating on a pair (o, /) G OT will 
not change /, and so, will not alter the ordering. We will use the elements 
of OT later, when we deal with fermions. 

A linear space structure is required to adequately represent quantum 
states. To equip T and OT with such a structure, we need to define two 
operations and , a product by scalars and an addition of their ele- 
ments, respectively. Call C the collection of quasi-functions which assign to 
every f ^ T (or / G OT) a complex number (again, built in the 'classical 
part' of £2). That is, a quasi-function c G C is a collection of ordered pairs 
(/; A), where / G (or / G OT) and A a complex number. Let Co be the 
subset of C such that, if c G Co, then c(/) = for almost every / G OT (i.e., 
c(/) = for every / G OT except for a finite number of quasi-functions). 
We can define in Co a sum and a product by scalars in the same way as it 
is usually done with functions as follows: 

Definition 3.1 Let a, (3 and 7 G and c, ci and C2 be quasi-functions of 
Co, then 

(7*c)(/) :=7(c(/)) and (ci + C2)(/) := ci(/) + C2(/) 

The quasi-function cq G Cq such that co(/) = 0, for any f F, acts as the 
null element of the sum, for {co + c){f) = co{f) + c{f) = + c{f) = c{f),yf. 
With the sum and the multiplication by scalars defined above we have that 
(Co, *) is a complex vector space. Each one of the quasi-functions of Co 
should be interpreted in the following way: if c G Co (and c 7^ cq), let 
/i) f2, fa,- ■ ■, fn be the only functions of Co which satisfy c{fi) 7^ (i = 
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1, ... ,77,). These quasi-functions exist because, as we have said above, the 
quasi-functions of Cq are zero except for a finite number of quasi-functions 
of If Aj are complex numbers which satisfy that c(/j) = Xi {i = 1, . . . ,n), 
we will make the association c (Ai/i + A2/2 + • • • + Xnfn)- The symbol 
must be understood in the sense that we use this notation to represent 
the quasi-function c. The idea is that the quasi-function c represents the 
pure state which is a linear combination of the states represented by the 
quasi-functions fi according to the interpretation given above. 

In order to calculate probabilities and mean values, we have to introduce 
a scalar product, in fact two of them: o for bosons and • for fermions, thus 
obtaining two (normed) vector spaces (Vq, o) and (Vq, •) : 

Definition 3.2 Let 5ij be the Kronecker symbol and fei^ei^...ei^ o-nd f^., e^, ...e., 
two basis vectors, then 

P 

The sum is extended over all the permutations of the set i' = {i'i,i2, . . . , i^) 
and for each permutation p, pi' = {pii,pi2, ■ ■ ■ jPi'n)- 

This product can be easily extended over linear combinations. 

Definition 3.3 Let 5ij be the Kronecker symbol, f^. g. ...g, and fe ie-,...e-, 

two basis vectors, then 

fei^ei^...ein * fh\%-H'rr^ ^""^ X] ^phipi\^i2pi'2 ■ ■ ■ ^inpi'„ 

P 

where: s^ = +1 if p is even and s^ = —1 if p is odd. 

The result of this second product • is an antisymmetric sum of the indexes 
which appear in the quasi-functions. In order that the product is well de- 
fined, the quasi-functions must belong to OT. Once this product is defined 
over the basis functions, we can extend it to linear combinations, in a similar 
way as for bosons. If the occupation number of a product is more or equal 
than two, then the vector has null norm. As it is a vector of null norm, the 
product of this vector with any other vector of the space would yield zero, 
and thus the probability of observing a system in a state like it vanishes. 
This means that we can add to any physical state an arbitrary linear combi- 
nation of null norm vectors for they do not contribute to the scalar product, 
which is the meaningful quantity. 
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With these tools and using the language of 0, the formalism of QM 
may be completely rewritten giving a straightforward answer to the prob- 
lem of giving a formulation of QM in which intrinsical indistinguishabil- 
ity is taken into account from the beginning, without artificially introduc- 
ing extra postulates. We make the following association in order to turn 
the notation similar to that of the standard formalism. For each quasi- 
function fei^ei^...ei^ of the quasi-sets T or OJ- constructed above, we will 
write a/g. ei ...ei '■= (^1^11^12 • • • ^in) w^ith the obvious corresponding gen- 
eralization for linear combinations. Once normalized to unity, the states 
constructed using £2, arc equivalent to the symmetrized vectors for bosonic 
states and wc have shown that commutation relations equivalent to the usual 
ones hold, thus being both formulations equivalent for bosons. 

For fermions, there are some subtleties involved in the construction. First 
of all, let us recall the action of the creation operator Ca: let ( represent 
a collection of indexes with non null occupation number, then C^IC) = 
\aQ. If a was already in the collection then \aC) is a vector with null 
norm. As said above, to have null norm implies that {ip\aC) = for all 
Moreover, if a linear combination of null norm vectors were added to the 
vector representing the state of a system, this addition would not give place 
to observable results because the terms of null norm do not contribute to 
the mean values or to the probabilities. In order to express this situation, 
we define the following relation: 

Definition 3.4 Two vectors \(p) and are similar (and we will write 
= {ip))) if the difference between them is a linear combination of null 
norm vectors. 

With all of this, it is straightforward to demonstrate the equivalence of the 
anticommutation relations in Yq and in the standard Fock-space. Thus, we 
can conclude that both formulations are equivalent also for fermions. 

To avoid particle labeling in the expressions for observables, in Fock- 
space formalism they are written in terms of creation and annihilation op- 
erators. This is also the case in Yq. For example, we have shown that 
operators T acting over a single particle states are of the form: 

T = J2tapalap = 5^(a|A;)tfe(fc|^)ata^ = ^ 5;](a|fc)(fc|r(l)|j)(j|/?)at 

a/3 k k j 

(1) 

Interaction operators act over spaces of a greater number of particles. The 
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expression of an interaction operator V between two particles is: 



f3 f S a /3 -y 



4 Correlation in a two-particle state 

In this section we show an appHcation of the use of the formahsm in Vg to 
ihustrate how the usual results of standard QM formalism are obtained. To 
do so, let us consider a two spin 1/2 quanta regarding only to spin degrees of 
freedom. Let Si = [h/2)ai be the spin operator, the Pauli matrices. We 
use eq. ([1]) to write ct^: Oz = Yla(ii'^z)oLi3 CaCp = C^C+ — ClC_. To obtain 
the spin operator in an arbitrary direction n = (sin 6 cos (j), sin 9 sin (j), cos 9) , 
we propose that an is of the form: 

an = cos 6 C|C+ + e-'^ sin 0C|C_ + e'^ sin eclc+ - cos 9 ClC- 

In fact, this operator rotates the basis vectors as usual. Thus, the mean 
value of an in the one particle state 'up' in direction z results: 

= cos0(+|+) + e''^sin0(+|-) = cos0 

Now we consider the a pair of indistinguishable fermions, one with spin 
'up' and the other with spin 'down'. In Vq its state is | H — ). It has not to 
be confused with the standard | H — ), which is not an antisymmetric state. 
We first show that in the same spatial direction, say z, the spin components 
are in perfect anticorrelation. As usual, the correlation is evaluated as the 
mean value of an operator that represents the measurement of a^ for both 
components over the state. Differently from the standard formulation, where 
this operator is obtained in the labeled tensor product space, here it is 
obtained from eq. ([2]) for the fermionic case: 

f^zz = o y^X'^zz)ap,-t&ci^ciCiC^ 

a -y 5 (-3) 
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When applied to a state | H — ) it yields 

cTzzI + -) = ^[clclc+c+\ + -) - clclc^c+\ + -) 

+ clclc_C_| + -)-Cic|c+C_]| + -) (4) 

= ^[-| + -) + |-+)] = -| + -) 

Thus, the mean value results (H — |crzz| H — ) = — (H — | H — ) = —1, which 
is the usual result. 

To obtain the correlation between components in two arbitrary direc- 
tions, say z and n, we have to follow an analogous procedure. First we write 
the operator azn that acts over the state space of the two particles without 
distinguishing them: 

(Tzn = ^[cos eclclc+C+ + e-''f' sin 9ClclC-C+ 

+ e*<^ sin eclclC+C+ - cos 0C|clC_C+ 
+ cos eclclC-C- - e-'^ sm9ClclC+C- 
- e-'^ sin eclclC-C- - cos eclc|C+C_] 

Applied to the state | H — ) it yields: 

cTznl + -) = ^[e-^-^sin^ClcllO) - cos0C|cl|O) 
+ e-'* sin^Clcl|0) +coseclc||0)] 

= cos 6*1 + -) + cos6'| - +)] = ^[-cos^l + -) - cos^l + -)] 
= - cos 6*1 + -) 

(6) 

Thus, the mean value which gives the correlation results {-\ — |iTzn| H — ) = 

— cos^, as it must be. It is important to remark that the state | H ) 

takes into account indistinguishability and antisymmetry without 'tricks', 
just because it is constructed in Vq. 

5 Conclusions 

We have argued that it is possible to construct a quantum mechanical for- 
malism for indistinguishable particles making use of quasi-set theory £1 to 
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build a vector space Yq that resembles the Fock-space but without label- 
ing quanta in any step. In Yq, states refer only to occupation numbers 
and permutations of quanta are unobservablc. In this paper, we have ex- 
emplified the use of the new formalism to evaluate the correlations between 
the spin components of a two-fermions system, explicitly showing that it is 
not necessary to first impose labels to the particles and then masking the 
individuation by a symmetrization postulate to obtain the usual results. 

References 

[1] Aerts, D. and Daubechies, I. "Structure-preserving maps of a quantum 
mechanical propositional system", Helvetica Physica Acta 51, pp. 637- 
660, 1978. 

[2] Domencch, G., Holik, F. and Krausc, D., "Quasi-spaces and the founda- 
tions of quantum mechanics", Foundations of Physics, in press (2008). 

[3] Domenech, G., Holik, F. and Kniznik, L., preprint (2008). 

[4] Enderton, H. B., Elements of set theory (Academic Press, 1977). 

[5] French, S. y Krause, D., Identity in physics: a historical, philosophical, 
and formal analysis (Oxford University Press, 2006). 

[6] Krause, D., "Logical aspects of quantum (non-)individuality" , preprint. 

[7] Krause, D., Sant'Anna, A. y Sartorelli, A., "A critical study on the 
concept of identity in Zermelo-Praenkel like axioms and its relation- 
ship with quantum statistics", Logique and Analyse, 189-192, 231-260 
(2005). 

[8] Robertson, B., "Introduction to field operators in quantum mechanics", 
American Journal of Physics 41, 678 (1973). 



10 



